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Abstract-usually the modelisation of groundwater flow from different wells in an aquifer is done 
by applying a Neumann boundary conditions on the borehole walls where a distribution of flux is 
chosen a priori for the system and not according to a sound knowledge of the real situation, A 
possible way to circumvent this problem is to use the Dirichlet method. This method that has proved 
itself to be quite efficient in different studies is, however, subject to the severe restriction that it is 
only applicable to situations where the pumping activity arises from a single borehole. In this work, 
this constraint is removed and a Dirichlet method applicable to situations where an arbitrary number 
of wells are simultaneously pumped is presented. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Traditionally, the motion of subsurface flow through a porous medium is described by means of 
an equation which arises as a combination of the principle of conservation of mass and the Darcy 
law [I] 
S&Q(x, t) = V . (KV@(x, t)) + f(x, t), (1) 
where So, K are the storativity and the hydraulic conductivity tensor of the aquifer, while f 
represents the strength of any sources and sinks of water in the medium. The quantities x, t are 
standing for the spatial coordinates, (a, y, 2) and the time, respectively. The piezometric head in 
the aquifer, @, is defined as 
qx,t) = .z + 
I 
’ dp - 
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In this last relation, p, pc are the water pressure and the water pressure measured at a suitable 
reference plane, while p and g are the fluid density and the acceleration of gravity, respectively. 
Furthermore, the symbol & in equation (1) stands for the time derivative, while V and 77. are 
the gradient and the divergence operators. 
In general, the source term f(x,t) appearing in (1) is representing the effect of the pumping 
activities taking place at the different wells present in the aquifer under consideration and is 
usually the leading factor affecting the time evolution of the piezometric field, throughout the 
whole aquifer. Therefore, great care must be taken to properly describe the behaviour of flow 
along the well boundaries. Unfortunately, exception made of the case of a fully penetrating 
borehole in a uniform formation where the flow may be assumed to be uniform at the well bore, 
very little is known on how to model this source term and, until recently, this aspect of the 
modelisation was done by applying a Neumann type of boundary conditions on the boreholes 
wall by choosing a priori and without a sound knowledge of the real situation, a distribution 
of flux along the well. A possible way to handle the problem more correctly is to design a 
mathematical method where the behaviour of the piezometric head near the well is induced by 
the global evolution of the system itself. 
A numerical method based on this principle is the so-called Dirichlet method. This algorithm, 
first introduced by Huang [2] and modified by Huyakorn and Pinder [3], assumes that, like 
the traditional Neumann methods, the borehole is a boundary of the aquifer but, instead of 
prescribing the fluxes on the well wall, values of the piezometric field are enforced. This method 
has proved itself to be quite efficient (see [4]) but is subject to the severe restriction that it is 
applicable to situations where pumping activities arises from a single borehole. 
In this work, the constraint is removed and an algorithm for the Dirichlet method applicable to 
situations where an arbitrary number of well are simultaneously pumping water from an aquifer 
is presented. 
2. A GENERAL DIRICHLET ALGORITHM 
The basic mathematical concept underlying the Dirichlet method is the principle of superpo- 
sition of linear algebra. Therefore, the groundwater flow is discretized according to a method 
that converts (1) to an equivalent linear system of algebraic equations. As for example, within 
the framework of the widely used Galerkin finite-element method as described by Botha and 
Pinder [5], the discretisation of the groundwater flow equation leads to a set of linear equations 
of the form 
A@ n+l = B @m + AtQ = E + AtQ, (2) 
where Gnfl is the (unknown) finite-element approximation of @(x, t)lt,+l. The matrices A, B 
are square matrices, of dimension N, with constant elements and At is the time step for the 
iteration. Because @+ is a known vector with respect to the time t = tn+l, the product B Gn 
may conveniently be seen as a known vector E during the iterative process. Within the framework 
of the Dirichlet method, the M boreholes are part of the boundary of the aquifer and the set 
of N equations contained in (2) may be seen as a combination of A4 + 1 groups of relations where 
each group is made of either the equations relative to the finite-element nodes placed along one 
specific borehole wall or the equations relevant for the nonborehole nodes. This formal splitting 
leads to a more convenient representation of equation (2) 
where submatrices and subvectors of superscript “bi” (i = 1,. . . , M) are representative of the 
information relative to the finite-element nodes characterizing the well number ‘Y while the 
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quantities with superscript “nb” are relative to relations satisfied by nonborehole nodes. There- 
fore, the components of the subvector Qbi in (3) are the Neumann fluxes, QFi, to be imposed 
at the borehole “bi” nodes. They are considered to be free parameters during the integration 
process and are bound to satisfy the constraint 
Qbi = 2 ski, i=l,M, (4 
k=l 
where Qbi is the given total yield of well “bi”. The components of Qnb are the possible Neumann 
fluxes imposed at other nodes than borehole nodes and are given known quantities for a specific 
numerical simulation. 
As a first step, the Dirichlet algorithm is assuming an arbitrary set of drawdowns for each 
borehole, abi = abilD, V’i = 1, M and the corresponding drawdown values for the nonborehole 
nodes, P’b,D, are computed according to 
together with the Neumann flux implicitly implied for the different wells 
- Ebi, V’i=l,M. (6) 
In a second step, a set of M independent homogeneous-like nontrivial solutions is computed. 
Each solution, say “Hj”, is obtained by assigning drawdowns values to the M sets of borehole 
nodes, abilHj, i = 1, M that are independent to the j - 1 homogeneous sets already considered 
and computing the remaining piezometric heads, 4+b,Hj, as to satisfy the system of equations 
A nb (7) 
This procedure provides M solutions @‘j, and M sets of Neuman flux vectors rbi,Hj for well each 
well “bi” , 
,@Li = [:zj) , $i,Hj =Abi [zzj) , ~/i,j = 1,~. (8) 
Furthermore, the correct drawdown values for the iteration, an+‘, are expressed as a linear 
combinations of the M + 1 solutions, @‘, aHi, i = 1, M 
M 
a n+l = @D + c p$H’, (9) 
i=l 
where the coefficients pi, i = 1, M are free parameters which are tuned to insure that each 
borehole is pumped according to the prescribed rate, Qbi, i = 1, M. Note that solution (9) 
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satisfies the relevant relations the nonborehole nodes for any choice of coefficients pi. We have 
successively 
Anb (aD +&i@Hi) = AnbaD + c piAnb@Hi = AnbaD = Enb + AtQnb. t;l (10) 
As far as the borehole nodes are concerned, one must insure that the fluxes, Qbi, i = 1, M, 
generated by the algorithm are satisfying relation (4). But for a given borehole, say “bi”, one 
has 
fib’ w+l 
_ +D) = 2 plAbi@l = 5 plrbi,H1 = At (Qbi _ Qbi,D) , (11) 
l=l l=l 
where Qbi is a vector whose (unknown) entries are the correct fluxes with respect to that borehole. 
Thus, summing up (11) over all borehole nodes relative to a specific well, and repeating the same 
operation for each borehole, one defines, using (4), a linear system of M algebraic equations 
$pl ( -$rbiTH1~,) = At (obi - gQbij) , Vi = 1, M, (12) 
whose solution provides the suitable value for the parameters pi, i = 1, M to be used in the 
solution (9) and the Dirichlet iteration is completed. 
3. DISCUSSION 
As described in Section 2, the grouping of the different relevant equations for a given bore- 
hole into a specific block matrix provides a clear view of the Dirichlet algorithm. However, this 
splitting between the different relations may enlarge considerably the band-size of the different 
matrices and slow down considerably the overall computational speed of the integration process. 
In practice, the band-size of the matrices should be kept to a minimum and employ the ma- 
trix reduction technique on the submatrix Anb, using constant sets of drawdown values for the 
different steps of the algorithm. For example, 
= sl, Vi = 1, M, 
and 
,@,Hj = sl , V’j=l,M, (pbi,W = 0 > V’i#j 
(s being an arbitrary nonzero value). Doing so, the M + 1 vector solutions, (PD, aHj, j = 1, M are 
obtained by decomposing the reduced matrix Anb,r only once and performing M + 1 simultaneous 
back substitutions for each time step. A further decomposition of a M x M matrix followed by 
one back substitution is necessary to compute the weighting coefficients pi, i = 1, M. Note that 
this algorithm simplifies even further in those situations where the different submatrices and the 
pumping rates remain unchanged through the time integration: in those cases, only one back 
substitution for the computation of aD and one back substitution for the evaluation of the pi, 
i = 1, M are required to advance the computation through time. Finally, it must be pointed 
out that the applicability of the generalized Dirichlet algorithm is not restricted to the specific 
case of pure saturated groundwater flow and may be easily extended to the computation of more 
general cases where several unknown fields are defined at each integration node. For example, 
the consolidation models where the soil matrix deformations are taken into account. In that case, 
the Dirichlet method may be still applied, but the concept of “nonborehole nodes” as used in 
this article must be redefined. For those situations, the matrix Anb is containing all the relations 
relevant for the piezometric field at the nonborehole nodes augmented of all other equations 
relative to other unknown fields, whatever the kind of node they are referring to. 
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